Abstract. We investigate the Weyl tensor algebraic structure of a fully general family of D-dimensional geometries that admit a non-twisting and shear-free null vector field k. From the coordinate components of the curvature tensor we explicitly derive all Weyl scalars of various boost weights. This enables us to give a complete algebraic classification of the metrics in the case when the optically privileged null direction k is a (multiple) Weyl aligned null direction (WAND). No field equations are applied, so that the results are valid not only in Einstein's gravity, including its extension to higher dimensions, but also in any metric gravitation theory that admits non-twisting and shear-free spacetimes.
Introduction
Exact spacetimes play a crucial role in understanding Einstein's general relativity and other metric theories of gravity. They enable us to investigate many mathematical and physical aspects of fundamental models in cosmology, black hole physics and theory of gravitational waves.
Among the most important of such classes of exact solutions there are RobinsonTrautman [1, 2] and Kundt [3, 4] geometries. They were discovered almost simultaneously about half a century ago, shortly after the advent of new concepts and techniques in general relativity, in particular geometrical optics of null congruences and algebraic classification of the Weyl tensor. Since then, an enormous progress has been made in investigation of their various properties.
From the geometrical point of view, both these classes belong to a large family of geometries admitting a non-twisting shear-free congruence of geodesics, generated by a null vector field k. The Kundt class is defined by having vanishing expansion while the other case with non-vanishing expansion defines the Robinson-Trautman class. The former includes the famous pp-waves (with a covariantly constant k), more general non-expanding gravitational waves (including gyratons, non-vanishing cosmological constant Λ, impulsive limits), VSI and CSI spacetimes (for which all scalar invariants of curvature vanish and are constant, respectively), or the directproduct spacetimes (Bertotti-Robinson, Nariai, Plebański-Hacyan). In the RobinsonTrautman class there are, e.g., some well-known black holes (Schwarzchild, ReissnerNordström, Schwarzchild-de Sitter, Vaidya), expanding spherical gravitational waves (including Λ), the C-metric (representing the field of accelerated black holes) or Kinnersley's and Bonnor's "photon rockets". Details and a number of references can be found in the monographs [5, 6] (chapters 28, 31 and 19, 18, respectively).
In view of the growing interest to generalize Einstein's theory and to extend it to higher dimensions, it is a natural task to find and analyse specific properties of such spacetimes. Assuming the validity of Einstein's field equations (for vacuum with Λ, aligned electromagnetic field, pure radiation, gyratonic matter), the explicit Robinson-Trautman class in any dimension was studied in [7] [8] [9] . The complementary Kundt class was also investigated, e.g., in [10, 11] . The results were summarized in the recent review [12] on algebraic properties of higher dimensional spacetimes.
In this paper we consider the fully general class of non-twisting and shear-free geometries in an arbitrary dimension D ≥ 4, without assuming any field equations. Starting from the canonical form of the metric we derive all components of the Riemann, Ricci and Weyl tensors. These are projected onto a suitable null frame. It enables us to give a complete and explicit classification of the whole class into the algebraic types and subtypes based on the WAND multiplicity of the optically privileged null vector field k. Our new results thus considerably generalize the study of algebraic structure of the non-expanding Kundt family of geometries [13] .
We introduce the general metric in section 2. In section 3 the null frame components of the Weyl tensor are employed for the algebraic classification. The necessary and sufficient conditions for all principal and secondary alignment (sub)types are discussed in sections 4 and 5. Results for the Kundt class are summarized in section 6 while those for the Robinson-Trautman class are contained in section 7. In section 8 we discuss a special case, namely the Robinson-Trautman vacuum spacetimes in D-dim Einstein's theory. Coordinate components of the Riemann, Ricci, and Weyl tensors for the generic non-twisting shear-free geometry are given in Appendix A.
Robinson-Trautman and Kundt geometries
The metric of the most general non-twisting D-dimensional geometry can be written in the form [7] ds 2 = g pq (r, u, x) dx p dx q + 2 g up (r, u, x) du dx p − 2 du dr + g uu (r, u, x) du 2 ,
if natural coordinates are used. A non-twisting character of the spacetime implies the existence of a foliation by null hypersurfaces u = const., i.e., a family of maximal integral submanifolds labeled by the coordinate u. By the Frobenius theorem, this is equivalent to the existence of a non-twisting null vector field k that is everywhere tangent (and normal) to u = const. Since this field k generates a congruence of null geodesics in the whole spacetime, it is most natural to take their affine parameter r as the second coordinate, so that k = ∂ r . At any fixed u and r we are thus left with a (D − 2)-dimensional Riemannian manifold covered by the spatial coordinates x p . We will use the indices m, n, p, q (ranging from 2 to D − 1) to label these spatial coordinates on the transverse space, and a shorthand x for their complete set. The nonvanishing contravariant metric components are g pq , g ru = −1 , g rp = g pq g uq , g rr = −g uu + g pq g up g uq ,
where g pq is an inverse matrix to g pq . This implies g up = g pq g rq , g uu = −g rr + g pq g rp g rq .
The covariant derivative of the geometrically privileged null vector field k = ∂ r with respect to the metric (1) is k a;b = Γ = 0 which confirms that the metric (1) is non-twisting. Now, imposing the additional condition that the metric is shear-free, σ ij = 0, we obtain the relation
Using the orthonormality relation δ ij = g pq m p i m q j we thus immediately infer g pq,r = 2Θg pq ,
implying g pq,rr = 2 Θ ,r + 2Θ 2 g pq . The expression (5) can be integrated as
Since either Θ = 0 or Θ = 0, there are thus two distinct classes of non-twisting shearfree geometries. The Kundt class [3-6, 10, 12-14] is defined by having the vanishing expansion, Θ = 0, in which case the spatial metric g pq (u, x) = h pq (u, x) is independent of the affine parameter r (and R in (6) effectively reduces to R = 1). The other case Θ = 0 gives the expanding Robinson-Trautman class [1, 2, [5] [6] [7] [8] 12] , for which R is a non-trivial function of r determined by R = exp Θ(r, u, x) dr .
Relations of these Newman-Penrose-like quantities to other equivalent notations employed in [12] and elsewhere can be found in [13] .
For the invariant (sub)classification of the Weyl tensor algebraic structure it is also necessary to introduce the following irreducible components of these scalars (see [12] ):
The main step now is to project the coordinate components (A.34)-(A.43) of the Weyl tensor of a generic non-twisting shear-free geometry (see Appendix A) onto the null frame (7) . A long calculation with non-trivial cancelations of various terms reveals that the corresponding Weyl scalars take the following explicit and surprisingly simple form
where
their contractions are defined as Q ≡ g pq Q pq , W ≡ g pq W pq and X q ≡ g pm X pmq , and the auxiliary quantities are defined in (A.44)-(A.53).
As a generalization of the classical Petrov classification of four-dimensional spacetimes in Einstein's theory, classification scheme of the algebraic structure of the Weyl tensor is based on whether the scalars (8) of various boost weights vanish or not in a suitable null frame [16] , see [12] for a recent comprehensive review.
Specifically, it is possible to introduce the principal alignment types and subtypes of the Weyl tensor in any dimension D based on the existence of the (multiple) Weyl aligned null direction (WAND) k, as summarized in table 1. Apart from a fully generic type G with all Weyl tensor components nonvanishing, there is type I with subtypes I(a) and I(b), type II with four possible subtypes II(a), II(b), II(c) and II(d), type III with two subtypes III(a) and III(b), type N and type O corresponding to the case when the Weyl tensor vanishes completely.
Subsequently, it is possible to introduce secondary alignment types of the Weyl tensor defined by the property that there exists an additional WAND l, namely I i , II i and III i . These are the types I, II, and III, respectively, for which not only Ψ 0 ij = 0 but also Ψ 4 ij = 0. There is also the "degenerate" case of type D equivalent to II ii for which only the zero-boost weight Weyl scalars Ψ 2 ... are nonvanishing.
Of course, various combinations of these possibilities can occur. For example, there may be a spacetime with the algebraic structure II(ab) which means that it is both In our present contribution, we are going to apply this algebraic classification scheme to the fully general family of non-twisting and shear-free geometries. This contains both the non-expanding Kundt class (Θ = 0) and the expanding RobinsonTrautman class (Θ = 0). In particular, we will completely characterize all possible principal alignment types of the Weyl tensor with respect to the optically privileged null vector field k = ∂ r .
Using the fact that Ψ 0 ij = 0, see (13) , and table 1, it immediately follows that a generic Kundt or Robinson-Trautman geometry is of algebraic type I (or more special), so that the optically privileged (non-twisting and shear-free) null vector field k = ∂ r is the WAND. Moreover, since the relation (15) readsΨ 1 ijk = 0, any Kundt or RobinsonTrautman geometry is, in fact, of algebraic subtype I(b), or more special.
We will now discuss all possibilities when k = k is a multiple WAND. In other words, the spacetime geometry is (at least) of algebraic type II with respect to ∂ r .
Multiple WAND k and algebraically special (sub)types
When the vector field k = ∂ r is (at least) a double WAND then the spacetime is algebraically special (of type II, or more special). ‡ It follows from table 1 that such a situation occurs if, and only if,
where Ψ 1T i is given by (14) . Since the spatial vectors m i are linearly independent, this condition is equivalent to g up,r − 2Θg up ,r = 2Θ ,p which can be rewritten as
or integrated to
Applying the condition Ψ 1T i = 0 which implies (31) and (30), the functions (23)- (28) determining the remaining Weyl scalars (16)- (22) simplify considerably to
Recall that
, and || denotes the covariant derivative with respect to the spatial metric g pq , while the corresponding Ricci tensor and Ricci scalar are S R pq and S R, respectively, see Appendix A. Using table 1 we can thus explicitly present the necessary and sufficient conditions determining all possible principal algebraic (sub)types of non-twisting shear-free geometries with a double, triple and quadruple WAND k = ∂ r . These are summarized in table 3. ‡ In principle, there could exist "peculiar" algebraically special spacetimes for which k is not a double WAND and there is another double WAND vector field. type necessary and sufficient condition equation Table 3 . Principal alignment types and subtypes of the algebraically special Weyl tensor with respect to the multiple WAND k = ∂r.
Type II subtypes with a double WAND k
The Robinson-Trautman or Kundt spacetimes (1) with (5) satisfying the condition (31), i.e., Ψ 1T j = 0 implying that they are (at least) of type II with respect to the null direction k = ∂ r , admit the following particular algebraic subtypes of the Weyl tensor:
• subtype II(a) ⇔ Ψ 2S = 0 ⇔ P = 0 ⇔ the metric function g uu satisfies the relation:
(40) This determines the specific dependence of g uu (r, u, x) on the coordinate r which is the affine parameter along the null congruence generated by k.
This is identically satisfied when D = 4 since for any 2-dimensional Riemannian space there is
• subtype II(c) ⇔Ψ 2 ijkl = 0:
This is always satisfied when D = 4 and D = 5 since the Weyl tensor vanishes identically in dimensions 2 and 3.
Riemannian space, this condition is equivalent to the condition that φ is closed (dφ = 0). By the Poincaré lemma, on any contractible domain there exists a potential function F such that φ = dF , that is f p = F ,p . In a general case, such F exists only locally.
These four distinct subtypes of type II can be arbitrarily combined. Clearly, in the D = 4 case the algebraically special non-twisting shear-free geometries are always of subtype II(bc).
Type III subtypes with a triple WAND k
The Robinson-Trautman or Kundt spacetime is of algebraic type III with respect to the triple WAND k = ∂ r if all four independent conditions (40)-(43) are satisfied simultaneously. In such a case the zero-boost-weight Weyl tensor components Ψ 2 ... vanish and we obtain geometries of type II(abcd)≡III, with the remaining Weyl scalars (20)-(22) determined by the structural functions (36)-(38) now simplified to
Consequently, in view of table 1, the explicit conditions for the subtypes III(a) and III(b) with the triple WAND k are:
is explicitly given as:
This is a specific restriction on the spatial derivatives of the function g uu,r .
• subtype III(b) ⇔Ψ 3 ijk = 0:
and X pmq is given by expression (45). Using the fact that any 2-dimensional metric g pq is conformally flat, g pq = Ω δ pq , it can be easily checked that the condition (48) is identically satisfied in D = 4.
Type N with a quadruple WAND k
When both conditions (47) and (48) are satisfied, the only remaining Weyl scalar is
In such a case we obtain the RobinsonTrautman or Kundt spacetimes of algebraic type N with the quadruple WAND k = ∂ r . Using V p = 0, that is by substituting (47) into (46), the function W pq for such type N geometries reduces to a simple expression
determined by the metric functions (1) and their first and second derivatives. The set of functions W pq directly encodes the amplitudes Ψ 4 ij of the corresponding gravitational waves, forming a symmetric traceless matrix of dimension (D − 2) × (D − 2).
Type O geometries
The Weyl tensor vanishes completely if, and only if, all the above conditions are satisfied and, in addition , Ψ 4 ij = 0. This clearly occurs when
with W = g pq W pq , which is a restriction on the functions W pq given by (49).
Secondary alignment types of the Weyl tensor
In the non-twisting and shear-free geometries there may also exist an additional (28), the geometry is of type I i (the subtype I(b) i , in fact). In such a case k = k = ∂ r and l = 1 2 g uu ∂ r + ∂ u are two distinct WANDs, see (7) . When the geometry is of type II with the double WAND k and Ψ 4 ij = 0 where W pq is given by (38), the geometry is of type II i with another WAND l. If the additional conditions (40), (41), (42) and (43) The type III i geometry is equivalent to II(abcd) i , in which case there is the triple WAND k and an additional WAND l. The subtypes III(a) i and III(b) i occur if conditions (47) and (48) are also satisfied. For such spacetimes, the only non-vanishing Weyl scalars areΨ 3 ijk and Ψ 3T i , respectively.
Finally, there is also the "degenerate" case D ≡ II ii which admits the double WAND k = ∂ r and the double WAND l = 
Kundt geometries
We will now discuss the two distinct important subclasses of non-twisting shear-free geometries, namely the non-expanding Kundt and the expanding Robinson-Trautman metrics (in the next section).
The Kundt family is defined by having a vanishing expansion, Θ = 0. It implies that the spatial metric g pq in (1) is r-independent,
see end of section 2. This significantly simplifies the Riemann tensor (A.17)-(A.26), the Ricci tensor (A.27)-(A.32) and the Weyl tensor (A.34)-(A.43) listed explicitly in Appendix A. In fact, it is a complete generalization of the analogous results presented previously in [13] since no field equations and no constraints on algebraically special types have been employed. The curvature tensor components given in Appendix A thus characterize the most general Kundt geometry, which is of algebraic type I(b), whereas the results in Appendix B of [13] are only valid for Kundt spacetimes of type II (or more special). For such a generic Kundt geometry the Weyl tensor frame components are given by (13)- (22) with (23)- (28), simplified by setting Θ = 0. These represent an explicit form of the expressions (7)- (16) written in [13] .
In the case of a vanishing expansion we may fully express the conditions discussed in section 4 for algebraically special Kundt geometries with respect to the WAND k = ∂ r . Specifically, we integrate equations (31) and (40), obtaining an explicit rdependence of the metric functions g up and g uu , respectively. After substituting them into the remaining conditions and separating in r, we obtain:
• The type I Kundt geometry is of subtype I(a)=I(ab)≡II ⇔
where e p and f p are arbitrary functions of the coordinates u and x.
• The type II≡I(ab) Kundt geometry is of subtype II(a)
• The type II Kundt geometry is of subtype II(b)
• The type II Kundt geometry is of subtype II(c)
• The type II Kundt geometry is of subtype
• The type III≡II(abcd) Kundt geometry is of subtype III(a)
with e p ≡ g pq e q , e
• The type III Kundt geometry is of subtype III(b)
• The type N≡III(ab) Kundt geometry is completely described by the symmetric traceless matrix Ψ 4 ij , which is determined by
• The type N becomes type
These are the same conditions as those presented in [13] . For Kundt geometries of type II (whose metric functions g up satisfy the condition (52)) the shorthands (35), (39), (37) used in this paper become
The identification is
where the superscript K denotes the quantities defined and employed in [13] .
Robinson-Trautman geometries
The algebraic structure of generic Robinson-Trautman geometries with an arbitrary Θ = 0 has been described in sections 3 and 4. Let us now investigate in detail a large particular subclass such that the non-twisting shear-free congruence generated by the null vector field k = ∂ r has an expansion of the form
This is an important subcase since Θ ,r + Θ 2 = 0 and thus, in view of (A.17) and (A.27), there is
which means that such Robinson-Trautman geometries are of Riemann type I and also of Ricci type I. For the case (72) we can explicitly integrate all the conditions with respect to r and determine the algebraic types and subtypes. First, the spatial metric g pq becomes
see (6) for R = r, which is obtained by solving R ,r = ΘR . Such geometries are, in general, of the Weyl (sub)type I(b). The metrics are of the Weyl type II (or more special) with the double WAND k if, and only if, the condition Ψ 1T i = 0 is satisfied. For (72) we have f p,r = 0 due to (32), i.e., the functions f p are independent of r. By integrating (31) we then obtain
With the conditions (72)-(74), the functions (33)-(38) determining the Weyl scalars reduce to 
where R = S R r 2 and R pq = S R pq are the Ricci scalar and the Ricci tensor with respect to the Riemannian metric h pq (u, x), respectively,
and
Using the results of subsections 4.1-4.4 we can thus explicitly express the conditions for the principal alignment (sub)types of the algebraically special Weyl tensor:
• The type II Robinson-Trautman geometry is of subtype II(a)
where α is given by (81) while β, γ are arbitrary functions of u and x.
• The type II Robinson-Trautman geometry is of subtype II(b)
where R pq is the Ricci tensor with respect to the metric h pq .
• The type II Robinson-Trautman geometry is of subtype II(c)
where C mpnq = S C mpnq r −2 is the Weyl tensor corresponding to the metric h pq .
• The type II Robinson-Trautman geometry is of subtype
• The type III Robinson-Trautman geometry is of subtype III(b)
• The type N Robinson-Trautman geometry is described by the symmetric traceless matrix Ψ 4 ij , which is completely determined by
• 
where W pq is given by (80).
• The type III Robinson-Trautman geometry is of type III i ⇔ Ψ 4 ij = 0 ⇔ the condition (96) is satisfied, where W pq is given by
(97) This, in fact, is a general form of W pq for the type III spacetimes.
• The type II Robinson-Trautman geometry is of type D with respect to the double 
Example: vacuum Robinson-Trautman spacetimes
Motivated by our previous studies [7, 9] of Robinson-Trautman spacetimes in general relativity (extended to any dimension D ≥ 4), let us consider a metric of the form
In fact, this is the most general Robinson-Trautman vacuum line element in Einstein's theory (extended to an arbitrary dimension D), with a cosmological constant Λ and possibly a pure radiation field aligned with k = ∂ r .
Employing the results of the previous section, it is straightforward to obtain explicit conditions under which this geometry becomes a specific algebraic type. Since
and g up = e p (u, x) r 2 , the condition (74) is satisfied, so that the spacetime is of Weyl type II (or more special) with respect to the multiple WAND k. Moreover, g uu = r 2 e n e n − g rr , that is
For f p = 0 and g uu of the form (102) we obtain from (75)-(80) that
In view of (13)- (22), the metric (99), (100) is thus of
• subtype II(b)
• subtype II(c)
• subtype II(d) always .
Interestingly, it follows from the contraction of Bianchi identities and condition (113), which is identically satisfied in D = 4, that
Thus, any Robinson-Trautman D > 4 geometry (99), (100) of algebraic subtype II(b) must have R ,k = 0. Moreover
The condition C mpnq = 0 for subtype II(c) is always satisfied in D = 4 and D = 5. We thus immediately infer that subtype II(bc)≡II(bcd) occurs if, and only if, the (D − 2)-dimensional transverse space has a constant curvature, that is
In such a case the metric can be written as h pq = P −2 δ pq , where [7, 8] . The conditions for type III subtypes are then
• subtype III(a) ⇔ R ,q = 0 and c ,q = 2 a e q + 2
The type N is obtained by applying all the conditions (112)- (115) and (119) We thus conclude that the Robinson-Trautman geometry of the form (99), (100) generally admits all the above mentioned algebraic types and subtypes. Of course, specific field equations impose additional constrains that may exclude some of the (sub)types. To illustrate this effect, let us now restrict ourselves to the most important case, namely vacuum spacetimes in the Einstein theory.
Most general Robinson-Trautman vacuum spacetimes
As shown in [9] , a fully general Robinson-Trautman vacuum solution in the Einstein theory (including Λ) is given by (99), (100) where the metric functions are restricted by the constraints
with a and c defined in (103) and (104). 
see Appendix A of [9] . The non-vanishing Weyl tensor components with respect to the frame (7), sorted by the boost weight, are thus
It is now convenient to perform a null rotation of the frame (7) with the privileged null vector k fixed, [15] , and the parameters
and using the expressions (C5) in [15] the nonvanishing irreducible Weyl scalars in such a frame simplify considerably to Ψ
withΨ ′ 3 ijk = 0. Notice, interestingly, that the last term can be rewritten as Ψ
The gravitational wave amplitude matrix Ψ ′ 4 ij (which is symmetric and traceless) is thus directly determined by the second spatial derivatives of the contravariant metric coefficient g rr , see (100).
To prove the non-existence of type N and type II vacuum solutions in D > 4 it is now crucial to prove the identity
This follows from the u-derivative of the condition (122), namely
which using h mn ,u = −h mp h nq h pq,u and the constraint (123) can be rewritten as
It remains to evaluate R pq,u . From the definition of the Ricci tensor it follows that
pq,u is a tensor symmetric in p, q and given by (132). Using common relations for commutators of covariant derivatives and contracted Bianchi identities, see (3.2.3), (3.2.21), (3.2.16) in [17] , we obtain the derivatives of (132)
Substituting into (147), the u-derivative of the Ricci tensor becomes
and its trace reads
By inserting these two expressions into (146), the identity (144) is proven.
Using (139)- (142) with (124) and (144) 
. It is also straightforward to identify the possible subtypes, namely D(a) and D(c) and O≡D(ac). In fact, the only non-vanishing Weyl scalars are
so that all such spacetimes are of the subtype D(bd). Clearly, there are only two algebraically distinct cases possible, namely
• subtype D(c)≡D(bcd)
The latter case (which necessarily occurs in dimension D = 5) admits just the scalar Ψ ′ 2S given by (151). Moreover, in view of (117) This generalizes, confirms and refines the conclusions of a previous work [7] where the Robinson-Trautman vacuum solutions with e p = 0 were studied, i.e., assuming the metric functions e p can be globally removed. Relation between the respective notations is h pq = P −2 (u, x) γ pq (x) with det γ pq = 1, b(u) = −µ(u) and c = −2 (log P ) ,u . It follows that the exceptional cases discussed in [7] with the functions µ and/or C mpnq vanishing are, in fact, algebraically distinct subtypes.
Concluding summary
We investigated the algebraic structure of a fully general class on non-twisting and shear-free geometries in an arbitrary dimension D, that is, the complete RobinsonTrautman and Kundt family. In particular:
• Using the Christoffel symbols we derived all coordinate components of the Riemann, Ricci and Weyl curvature tensors in an explicit form. These are presented in Appendix A.
• By projecting the Weyl tensor onto the natural null frame we evaluated the corresponding scalars of all boost weights. In contrast to a complicated form of the coordinate components, such Weyl scalars are, due to cancelation of many terms, surprisingly simple, see equations (13)- (22) with (23)-(28).
• Weyl scalars obtained in this manner directly determine the algebraic structure of the metric (1) with (6) . Distinct algebraic types and subtypes are defined by the vanishing of these scalars (and their combinations), see tables 1 and 2.
• We proved that all non-twisting shear-free geometries are of type I(b), or more special, with the WAND aligned along the optically privileged null direction k.
• We were able to explicitly derive the necessary and sufficient conditions of all principal alignment types such that the optically privileged null direction k is a multiple WAND. These algebraically special ( • The Kundt family, which is the nonexpanding (Θ = 0) subclass of the non-twisting shear-free geometries, is studied in section 6. The corresponding conditions for algebraic types and subtypes are simplified, and they fully agree with those obtained previously in [13] .
• The algebraic structure of the general Robinson-Trautman class with an arbitrary expansion scalar Θ = 0 is described in section 4. The special case Θ = 1/r is investigated in section 7. In fact, this is an important subcase, as such RobinsonTrautman geometries are of Riemann type I and also of Ricci type I.
• No field equations have been employed in these calculations and discussions. All results are thus "purely geometrical", i.e., they can be applied in any metric theory of gravity that admits non-twisting and shear-free geometries. 
−Θ g mn e pq + g pq e mn − g mq e pn − g pn e mq , (A.23)
The components of the Ricci tensor are 
(A.33) These expressions enable us to calculate the explicit components of the Weyl tensor for any non-twisting and shear-free geometry of an arbitrary dimension D. After a straightforward but very lengthy calculation we obtain C rprq = 0 , (A.34) 
